The problem of exactly controlling the state (displacement, stress, temperature) to zero through boundary control of either thermal or mechanical components is considered. The moment problem method is used to obtain controllability results. Sharp regularity results are obtained via the Carleson measure criterion of Ho, Russell and Weiss.
I. INTRODUCTION
This article describes some of the principle results in 141, which will appear elsewhere. Coiisider the following boundary control system x E R.
(3)
The above models the displacement ~( t , x) and temperature 8 ( t , z ) of a thermoelastic rod positioned along the x-axis, with controlled heat flux. The stress and temperature vanish at the left end ( z = 0 ) and the right end is pinned.
A space M of initial conditions will he called esacily nullcontrollable zn time T if given any yo E M there exists f E Lz(O, T ) for which the (generalized) solution of (1)-(3) at time T is zero. The aim is to determine the largest (in some sense) space M and an associated control time for which M is exactly null-controllable in time 2'.
Let 3-1 = (L2(R))3 and
H2(R)
: wl(0) = wZ(1) = wS(0) = zuA(1) = 0). The system
(1)-(3) may be written in state-space form as
where Let A denote the closure of t,he space spanned by the eigenfunctions ( ' p p t ) k c~ having real eigenvalues, and C denote the closure of the space spanned by all other eigenfunctions ( ' p o k ) k e z . One can define continuous projections P and Q for which
For our example, a( -.4) c { X E C : Re X > 0) and hence all fractional powers of ( -A ) are well defined. We may thus define a continuum of Hilbert spaces (3-1,),c~ by the restriction ( a > 0) or completion ( a < 0) of 3-1 with respect to the norm llxllor = 11(-'4)"x11.
Correspondingly, there are spaces -1, and C, for which 3-1, = A, @ E, a E R. All the operators: ,4, P, Q, Tt have extensions (or restrictions) so that they may be defined on any of the spaces (%),ER.
A solution to (4) is well-defined for t 2 0 by
where the integration is carried out in " -I ( = D(A*)').
Thus y E C([O,co),3-1-1), at least.
It can he shown that the restriction of T to A is an analytic semigroup, while its restriction to C is group. Denote these semigroups by ( S t ) , l o and ( 6 t ) f~~, respectively.
Multiplying ( 6 ) through by P and Q gives
The advantage of decomposing the original system as in (7), (8) is that (7) describes the trajectory of a onedimensional parabolic system, while (8) describes the trajectory of a one-dimensional hyperbolic system. In each case the best possible controllability and regularity results are known. For the control problem, the main difficulty lies in the fact that (7) and (8) Let CT denote the moment space of (9) and DT the moment space of (10). Let L2(0,T) A geometrical argument can be used to show the following, which gives a sufficient condition for solvability of (9), (10). 
IV. CONCLUSION
In this article we have restricted our interest to the control system (1)-(3). However the same theory applies to a variety similar systems. For example, similar results hold if instead of (3), the temperature, stress or position is controlled. The main limitation (to the moment problem method in general) is that the operator A in (4) should be a spectral operator. This, for example, is unknown in the case where D ( A ) is determined by the boundary conditions w(t,O) = w(t, 1) = 6'(t,O) = 8(t, 1) = 0.
